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Abstract—Phase retrieval, in particular for the operators
arising from near-field measurements, is a non-convex task
suffering from a severe lack of reliability due to local minima
and false solutions. Approaches to tackle this issue, in turn, suffer
from strict and often unrealistic oversampling requirements and
possibly unfeasible computational complexities—in particular
when larger scenarios are considered. In this paper, we analyze
the sampling requirements for convex phase retrieval based on
partially coherent observations which are captured with multi-
probe arrays. We discuss requirements for the orientation and
positioning of the probe antennas in the probe arrays. Following
these conditions, a recently introduced linearized method is able
to reconstruct a unique global solution reliably. The theoretical
deliberations are corroborated with simulated near-field data.

Index Terms—Magnitude-only antenna measurements, phase-
less, antenna arrays, field transformations, source reconstruction.

I. INTRODUCTION

Field measurements are a generally important concept in
radio-frequency (RF) engineering, be it for antennas, scatter-
ing, imaging, or other areas. In situations where measurements
with full phase information are not feasible, e.g., due to
difficult mechanical access to the feed of an antenna or phase
instability at high frequencies, we are restricted to measure the
magnitudes of the electromagnetic fields [1]–[8]. Typically,
phase retrieval techniques are then employed to process the
measurement data.

Our area of interest are magnitude-only near-field (NF)
antenna measurements [9]–[24] and imaging [25], [26], but
insights should be transferable to other areas, too. Since the
properties of the forward operator are not as favorable as
for Gaussian random matrices, which are often employed in
mathematical studies of phase retrieval algorithms [27], [28],
numerous problems occur in the solution process. Even with
extreme oversampling and known uniqueness of the solution,
there is never a guarantee that the problem becomes convex
and solvable in a reliable manner. In a non-convex solution
process, local minima are often an issue. This becomes less
manageable when the size of the problem increases, where the
unique solution is not obtainable even if it exists. Moreover,
in the presence of noise, local minima may degrade to false
solutions. This means that they show the same magnitude-only
reconstruction deviation as the true global solution. Even if the

solution is unique in the noiseless case, it is often not for real
world measurement data.

In general, this leads to several unfavorable requirements
for ‘pure’ phaseless field measurements. We need an extreme
measurement accuracy, i.e., high signal-to-noise ratio (SNR)
and a high positioning accuracy, which easily negates the
advantage of a less sophisticated measurement hardware. Also,
large oversampling ratios are necessary, which increase the
measurement time (and cost). At least four-fold oversampling
is a typical choice. Furthermore, the computational complexity
of phase retrieval algorithms is a concern, since they often
scale with the square of the number of unknowns or obser-
vations [29], [30] or even worse [31], [32]. This renders well
thought out algorithms useless in practice. Overall, phaseless
antenna measurements seem to be impractical if the task goes
beyond checking a few magnitude samples for plausibility.

Fortunately, there are ways to tackle the issues of phase
retrieval in antenna measurements. The lacking reliability of
phase reconstructions could be considered as solved in case a
convex algorithm with feasible computational effort and sam-
pling requirements was employed. While convex algorithms,
which work well with Gaussian and other purely magnitude-
only data, do exist, e.g., PhaseLift [29], PhaseCut [30], Phase-
Max [33], [34], they do not properly function with the data
structures arising from electromagnetic field measurements.
However, we have recently proposed a linearized and, thus,
convex algorithm which works with the wide class of partially
coherent data, i.e., containing subsets of the observation data
which are linked coherently [17], [21], [24]. No overall
phase reference is employed and synchronized oscillators at
a probe array or clever combination circuits in connection
with RF power detectors are sufficient to collect this kind of
measurement data. The subset of the observations may for
instance be collected with a probe antenna array.

As suggested in [21], mild conditions have to be fulfilled for
our previously introduced linearized phase retrieval algorithm
to work and to yield a unique solution. In the scope of elec-
tromagnetic field transformations, these conditions are actually
not always fulfilled in practice. The hurdle is to sample the
field such that the measurement subsets have a certain rela-
tionship. In this paper, we study the effect of the probe array
design and derive simple guidelines with which all subsets are
sufficiently independent and sufficiently connected at the same



time. Then, all relevant information about an antenna under
test (AUT) can be collected. In Section II, we briefly revise the
inverse source problem of antenna measurements in the com-
plex and phaseless cases. Section III presents the linearized
partially coherent phase retrieval algorithm. In Section IV, we
discuss different probe antenna array designs as well as their
respective advantages and drawbacks. Numerical results based
on these considerations are presented in Section V.

II. SOURCE RECONSTRUCTION WITH AND WITHOUT
PHASE

For a general complex inverse source problem, we choose
a suitable equivalent source representation and retrieve the
source coefficients collected in the vector z ∈ C𝑁×1 by solving
the system of equations

A z = b , (1)

where b ∈ C𝐶𝑀×1 are the observations and A ∈ C𝐶𝑀×𝑁

is the respective discretized forward operator matrix. At each
measurement location, the 𝐶 measurement signals are recorded
coherently.1 Typically, the number of unknowns 𝑁 and obser-
vations 𝐶𝑀 do not match, and both the source representation
and the observations are often oversampled. To handle the non-
trivial null-space in the matrix A, an expedient way is to use
the normal-error system of equations in combination with an
iterative solver and fast methods. After retrieving the sources,
quantities of interest such as the far-field pattern of an antenna
under test (AUT) can be computed.

When external circumstances do not permit to measure the
phase, we consider magnitude-only observations |b |. Similarly
as in the complex case, we aim to reconstruct the source
coefficients z . To do so, we have to solve the non-linear system
of equations

|A z | = |b | . (2)

Often, the first step of the phaseless source reconstruction is to
retrieve the phase of the observation vector. Then, subsequent
steps can be carried out just as for the complex case.

Equation (2) is non-linear and non-convex for forward
operators modeling electromagnetic radiation, even when
strong oversampling and multiple measurement surfaces are
employed. No matter which phase retrieval algorithm is
employed—even the most computationally expensive ones,
whose application is limited to electrically small scenarios—,
the solution process struggles with the problem of local
minima and/or false solutions, in particular in the presence
of noise. Unlike for the complex case, where measurement
errors for a given signal-to noise ratio lead to a fluctuation in
the solution accuracy of several decibels, the phase retrieval
process can always fail completely without any indication
when we have only access to phaseless measurement data.

1The case 𝐶 = 1 for a single antenna and 𝐶 = 2 for a dual-polarized probe
are of course included here.

III. LINEARIZED PHASE RETRIEVAL WITH PARTIALLY
COHERENT OBSERVATIONS

For our linearized phase retrieval algorithm, we have to
introduce two new quantities. First, we need the projection
matrix Pker A = A A+ − I into the null space of A, where A+

is a pseudo-inverse of A. Second, the observations are now
captured in 𝑀 coherent subsets of each 𝐶 samples. In the
𝑚th subset, the first sample is assigned an arbitrary phase, say
zero, and a phase unknown [𝝍]𝑐. These phaseless samples
are collected in the vector b1 ∈ R𝑀×1. All further samples are
complex-valued with reference to the phase of the first sample.
These are collected, for 2 ≥ 𝑐 ≥ 𝐶, in respective vectors
b𝑐 ∈ C𝑀×1. The vectors containing either real or complex
measurement values are stored in the stacked-diagonal matrix
B ∈ C𝑀×𝐶𝑀 ,

B =
[
diag b1 diag b2 . . . diag b𝐶

]T
, (3)

where diag(·) creates a diagonal matrix from a vector. The
unique non-trivial solution to the homogeneous system of
equations

Pker A B 𝝍 = 0 (4)

reconstructs the complex observation vector as b = B 𝝍 or
b = B diag( |𝝍 |)−1 𝝍 [21]. In practice, we search for a non-
trivial vector in the kernel of Pker A B by setting one phase
unknown to one, e.g., the one for the observation with the
largest magnitude. Since the source model is hidden inside
the projection matrix, and most of choices localized equivalent
source models perform very similarly [35]–[37], it does not
matter much which kind of equivalent sources are chosen for
building the projection matrix.

For a unique solution to exist, the necessary but not suffi-
cient condition

𝑀 (𝐶 − 1) ≥ 𝑁 − 1 (5)

has to be fulfilled, where we can interpret 𝑁 as the number
of degrees of freedom arising from the chosen AUT source
representation [21]. For the lowest case 𝐶 = 2, we have to
take take at least 𝑀 ≈ 𝑁 subsets of measurements. For higher
numbers of 𝐶, this number drops to a lower value, since more
samples are taken in each subset., i.e., each position of the
probe array.

IV. PROBE ARRAY DESIGN

The key of our linear phase retrieval approach with partially
coherent information is to measure phase differences between
sets of probes in order to reduce the ambiguities of the phase
retrieval problem. Since our measurement problem is kind of
four-dimensional (two position dimensions, if we assume a
measurement surface, plus two polarization dimensions on this
surface), phase differences should be measured in a way that
all four dimensions of the measurement space are appropri-
ately interconnected by known phase differences. As such, an
appropriate antenna array for the measurement of the phase
differences should feature a two-dimensional arrangement of
probe antennas and feature polarization diversity in order to
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Fig. 1. Three of the investigated arrays of Hertzian dipole probe antennas.
(a) Two-element array. (b) Three-element array. (b) Four-element array with
varying polarization.

provide for the desirable interconnection of the measurement
dimensions.

The utilization of linear arrays, as found in the literature
[10]–[12], [15], [19], [20], [23], can not be considered suffi-
cient in this respect. This is particularly important when the
measurements are taken on regular sampling grids. Arrays
capturing only the same polarization with all probe elements
also lack a coherent interconnection for some parts of the data.

From these considerations, we conclude that a well-suited
probe array must measure the two (typically tangential) polar-
izations on the measurement surface and must connect each
polarization in the two spatial directions. This leads to arrays
with at least 𝐶 = 4 elements. However, even with 𝐶 = 4 as well
as spatial and polarization diversity, an inappropriate design of
the probe array may lead to poor phase reconstruction results
when the excitation interacts adversely with the field sampling
[24].

Figure 1 gives an overview over the studied probe array
configurations. All of them consist of Hertzian dipoles placed
(approximately) tangentially on the measurement surface, in a
distance of 𝑑 = 0.2𝜆 to each other.

The two-element array and the three-element array are
similar to probe arrays found in [21]. Since they capture
only one polarization, they are also rotated by 90◦ at each
measurement location for a second observation. The two-
element array (𝐶 = 2) shown in Fig. 1(a) exhibits two
drawbacks. The samples are connected only in one direction
(in a partially coherent manner), and the coherent subsets only
link samples with the same polarization information. The first
drawback is mitigated in the three-element array (𝐶 = 3)
depicted in Fig. 1(b). However, there is still no coherent
connection between the two polarizations.

The four-element array (𝐶 = 4) from Fig. 1(c) contains
Hertzian dipoles which are rotated by 45◦ for each further
element. This array establishes coherent connections between
samples in two directions and between both linear polariza-
tions by clever linear combinations/rotations of each element.
Hence, it is not necessary to rotate this probe array to measure
the full polarization information. As an alternative, we ran-
domly pick just one pair out of the four element array at each
location randomly (𝐶 = 2, random). This array inherits some
of the advantages of the well-designed four-element array but
can be realized with a coherent two-channel receiver.
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Fig. 2. Histograms of the reconstruction error for regular sampling. (a) 500
random excitations. (b) Individual excitations for all unknowns.

V. NUMERICAL RESULTS

For the following numerical study, we consider a spherical
multipole expansion of order 17 as the AUT source model,
which has 𝑁 = 646 unknowns. The observations of the four
probe arrays are taken on an observation sphere with a radius
of 5𝜆. The oversampling ratio of 𝐶𝑀/𝑁 = 2.5 is large enough
that (5) is always fulfilled. Since 𝐶 varies, the number of
measurement locations 𝑀 varies accordingly for the probe
arrays. The synthetic measurement values are disturbed by
white Gaussian noise with an SNR of 60 dB.

In Fig. 2, the histogram of complex NF reconstruction
errors 20 log10 (brec − btrue) of random excitations is shown.
The measurement locations are chosen on a regular grid. For
the results of Fig. 2(a), all coefficients of the true solution
are chosen randomly 500 times. The probe array with four
elements clearly performs the best with a geometrically av-
eraged reconstruction error of −45.2 dB. The versions 𝐶 = 3,
𝐶 = 2 (randomly picked), and 𝐶 = 2 exhibit worse errors of
−42.8 dB, −37.9 dB, and −33.2 dB. The histogram in Fig. 2(b)
shows the NF errors of the phase reconstruction, when each
of the 646 multipoles is excited individually. While the order
of the probe arrays from best to worst is similar, the negative
outliers in the right tail are more numerous for the arrays with
𝐶 = 2, leading to much increased average errors of −30.2 dB
(𝐶 = 2) and −33.5 dB (𝐶 = 2, random). In comparison, the
errors for 𝐶 = 3 and 𝐶 = 4 are almost unchanged with
−42.6 dB and −44.7 dB.

Since regular sampling is a rather demanding case for
the partially coherent linkage of the measurement data, in
particular when the rings of the grid are not connected at all for
𝐶 = 2, the results of the same investigations but for Fibonacci
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Fig. 3. Histograms of the reconstruction error for Fibonacci spiral sampling.
(a) 500 random excitations. (b) Individual excitations for all unknowns.

spiral sampling are shown in Fig. 3. The phase reconstruction
is throughout more accurate with this spiral sampling (and
the same number of observations, also 𝐶𝑀/𝑁 = 2.5). The
approaches with 𝐶 = 2 benefit the most. The 𝐶 = 2 probe with
random picks even performs almost as well as the 𝐶 = 3 probe
array. Most notably, the extreme outliers for the reconstruction
of single multipole excitations are reduced by more than 20 dB.

VI. CONCLUSION

We have discussed criteria that are crucial for the design
of probe antenna arrays employed in partially coherent phase
retrieval and NF antenna measurements: The probe array has
to be able to coherently connect fields in two independent
directions and for both polarizations on the measurement
surface. The theoretical discussion lead to four probe ar-
rays with favorable (four elements) and less favorable (two
elements) properties. Numerical phase retrieval results for
synthetic measurement data have been used to validate the
better performance of probe arrays which fulfill the mentioned
design criteria.
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