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Abstract—Metasurfaces have garnered significant attention
in recent years as devices that direct waves, manipulate the
polarization of transmitted or reflected waves, or influence
spectral properties of those waves. Until now, most of the
attention was focused on the development of planar
metasurface  structures. However, many demanding
electromagnetic applications require the implementation of
curved structures. In this paper, we propose an analysis
approach for curved metasurfaces that are not homogeneous,
i.e. metasurfaces that have spatially-varying distribution of
surface sheet impedance. The considered formulation also
covers metasurfaces that do not encompass the entire canonical
curved surface. The results are verified against several
experimentally  characterized  cylindrical = metasurface
examples.

Index Terms— metasurfaces, curved metasurfaces, spectral
domain aproach, sheet impedance, PCB metasurface.

I. INTRODUCTION

Various electromagnetic periodic surfaces, popularly
known as metasurfaces, have numerous new possibilities for
manipulating the direction and polarization properties of
transmitted electromagnetic waves. Traditionally, resonant
elements were used in design of periodic frequency selective
surfaces (FSS). However, recent designs use sub-wavelength
elements as building blocks, which enabled a wider range of
functionality, such as focusing, beam tilting, polarization
manipulation, increased bandwidth etc. (see e.g. [1] - [4]).

While previous works mostly focused on planar
metasurface structures, we find interest in exploring curved
metasurfaces since many applications can have such
electromagnetic, aerodynamic or mechanical constraints.
However, introduction of curvature significantly complicates
analysis and design, since the quasi-infinite periodicity used
in planar structures is lost in most cases. Furthermore, the
considered structures are very large in terms of wavelength
and they contain a lot of small metallic details within each of
the metasurface layers (by definition, the unit cell of the
metasurface pattern is much smaller than the wavelength).
Due to the complexity of solving design problems for large
finite structures with numerous small cells, using general
electromagnetic solvers would result in very long
computation times, and excess memory requirements. With
all this in mind, to successfully design curved metasurface
structures, one needs to develop specialized efficient

numerical analysis algorithms. Analytical and quasi-
analytical approaches to the design of curved metasurfaces
can be found in [5] - [8].

Some metasurface-based devices, such as cylindrical or
spherical cloaks, would require homogeneous distribution of
surface impedance. However, many devices require
spatially-varying impedance distribution to modulate the
amplitude and phase of incoming wave. Often, the
considered metasurface is occupying only a part of canonical
surface, such as a cylinder or a sphere. We propose an
analysis approach for canonical curved structures which is
generalized so that it can include a class of metasurface
structures with spatially-varying impedance distribution,
including such structures that do not span the entire
canonical surface. The presented analysis method is based on
Green’s functions approach and it is demonstrated for a
cylindrical case. However, it can easily be generalized for
other types of geometries (e.g. spherical, Body-of-
Revolution, etc.). The basis of the analysis approach is the
method for spatially-uniform metasurfaces, described in [6].

II.  ANALYSIS APPROACH

The geometry of the considered cylindrical problem is
shown in Fig. 1. Each metasurface layer is modelled by a
penetrable sheet impedance boundary condition. Without
losing generality, we will assume that the considered
metasurface has electric response only. The sheet can then be

represented by an admittance tensor Y (¢, z) . The boundary
condition to be satisfied is the following:

§(¢’Z)'E(pmeta’¢’z):ﬁXAH(pmeta’¢’Z)’ (1)

where AH represents the magnetic field discontinuity
between the outer and inner boundary of the metasurface.
The cylindrical metasurface can also be placed only at the
part of the cylindrical tube. For the rest of the tube we can
impose the following boundary condition:

PXAH(D,,.0,2) =0. @)

The two boundary conditions can be merged if the
unpopulated part of the cylindrical tube is expressed as a
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zero-admittance sheet. Now, the boundary condition for the
whole cylindrical interface is given by eq. (1).

The analysis procedure will be introduced in two steps.
First, we will analyse a basic one-layer metasurface problem,
and in the second step we will generalize the analysis
approach to multi-layer multi-metasurface structures.

Basic two-dimensional (2D) formulation

The considered 2D metasurface is non-homogeneous in
¢-direction and homogeneous in the axial direction. The
metasurface is located in free space, and it is excited from
the central axis; i.e. the excitation is a constant current line
source. These assumptions will be generalized in the next
section.

spatially varying
metasurface

constant current
line source

spatially-varying
multilayer
metasurface

(b)

Fig. 1. Geometry of a curved metasurface structure with spatially-varying
value of surface sheet impedance; (a) basic 2D geometry, (b) general
multilayer multi-metasurface with an arbitrary feed antenna.

The incident field excited by a constant-current electric line
source is:

B (p.g) == 1 kp) G4
inc ; k
HJ™(p.9) == H{" (o)1, (3-2)

Here, Iy is the amplitude of the line source current. Under
these assumptions we can write the field distribution in
regions inside and outside the cylinder:

(a) the inner region
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(b) the outer region
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(5.b)
Here, 0(,(,[1) and afnz) are the amplitudes of spectral-domain

scattered field components in the inner and outer region,
respectively. Note that the H, and £y components are zero for
the considered metasurface structure and line source
excitation. In other words, we assumed that the metasurface
does not excite cross-polar components.

Now, we arrive at the following system of equations:

EX O (D ®) = X P (D59 (62)

O (B (o) P (0] 1

>
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or, in more details
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Here, indices (1) and (2) denote the inner and outer region,
respectively, and Y..(¢@) is the zz-component of sheet

admittance tensor Y (¢) .

Equation (7) is the basis for the proposed analysis
method. The unknowns in (7) are spectral-domain
coefficients a,, of the averaged scattered tangential E-field
component along the metasurface. If we determine the limit
in summation as Mpua, we need to select 2-Mpaxtl
observation points to obtain a linear system of 2-Mmaxt1
equations with 2-Mmax+1 unknowns:

k,
Yzz (¢n ) ! |:_ OTHO H(()Q) (kOpmeta )IO

1 o 2 2 —Ji
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The minimum number for Mpax is LkopmctaJ , Where
I_J denotes the floor operator. More accurate results are

obtained with M __ =2- |_k0 pmemJ. Usually, one

observation point is located at the centre of each metasurface
cell. However, if the selected Mmax is large, more than one
observation point can be located on each metasurface cell.

General three-dimensional (3D) formulation

This solution procedure can be rewritten using the Green’s
function approach that is suitable for multilayer structures
containing cascaded metasurface sheets. The following
modifications are needed:

(a) Introduction of induced surface electric currents to model
electric response of metasurfaces, i.e. to model the
discontinuity in the tangential magnetic field. We find the
current as

J,=nx(H -H )= pxAH, )

where H and H™ are magnetic fields on the outer and the
inner boundary of the metasurface, respectively. Thus, the
response of several stacked metasurface sheets (including
mutual coupling between the sheets) can be modelled.

(b) Implementation of spectral-domain Green’s function to
include the influence of multilayer dielectric supporting

structure. As an example, the GIDMULT algorithm can be
used [9], [10].

(c) Implementation of the Fourier transformation in z-
direction to model the spatial variation of metasurface
admittance in axial direction.

(d) Implementation of the Moment Method (MoM)
procedure to solve the equation (1). The method is based on
approximating the induced surface electric current J,, with a
set of basis functions J’ ~having unknown amplitudes a;:

1,(p.9) =[ Y 43 (Ph 4»)} (10)

The final system of MoM equations has a form (given for 2D
case, as derived from an axially uniform structure):
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III.  RESULTS

Let us consider a single-layer cylindrical metasurface
printed on a thin substrate (¢ = 2.55, £ = 0.13 mm). The idea
behind the design is to shape the omnidirectional incident
field, originating from the structure’s axis, and to form two
main beams at angles £45°, at the operating frequency of 10
GHz. The metasurface contains 24 inductive cells that are in
practice realized using stripes or meander lines. The radius of
the cylinder is 6 cm and the width of each cell is 7.854 mm.
Only half of the cylinder is covered with the metasurface
structure. The variation of surface sheet impedance, and the
practical realization is shown in Figure 2. The picture of the
built prototype is given in Fig. 3. The prototype was
developed using standard PCB technology. The flexibility of
used PCB substrate was sufficient to bend the PCB structure
into a half-cylinder form with a radius of 6 cm.

For additional verification, the metasurface structure is
also simulated using CST Microwave Studio. A comparison
between radiated field, calculated using the proposed
analysis method, and general electromagnetic solver, is given
in Fig. 4. The excitation is an omnidirectional line source (in
practice, a monopole antenna was used), and the results show
good agreement between the two analysis methods and
measurements. Note that the spectral-domain method uses
surface sheet impedance approach, while CST Microwave
Studio results are calculated by considering the developed



13th European Conference on Antennas and Propagation (EuCAP 2019)

metasurface geometry with all the details, whilst skipping the
intermediate calculation of surface sheet impedances.
Consequently, the needed computation time is several orders
of magnitude larger when using the commercial software
package. In this particular case, the CST Microwave Studio
needed 2 h 50 min in a dual-threaded solver process to obtain
the results, while the newly developed program had finished
in a second.
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Fig. 2. (a) Variation of the surface sheet impendance, and (b) PCB layer
of a realization featuring meander lines.

Fig. 3. Realization of a single-layer PCB metasurface.
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Fig. 4. Electric response of a curved metasurface printed on a thin
supporting  dielectric  structure. Comparison of mesurements and
calculations from the developed spectral-domain method and CST
Microwave Studio.

From a mechanical point of view, it would be beneficial
to mount the metasurface on a solid supporting structure.
We used a plexiglass cylinder with an outer radius of 6 cm,
thickness of # = 3.0 mm, and relative permitivity of ¢, = 2.6.
The influence of the supporting structure on radiation
properties was investigated. The results are shown in Fig. 5.
It can be seen that a thick dielectric support introduces more
pronounced resonances in the radiation pattern. These
appear due to internal reflections within the plexiglass
frame. Furthermore, it can be seen that both analysis
methods accurately predict the influence of the supporting
structure.
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Fig. 5. Electric response of a curved metasurface mounted on a thick
supporting dielectric  structure. Comparison of mesurements and
calculations from the developed spectral-domain method and CST
Microwave Studio.
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IV. CONCLUSION

The analysis of metasurfaces with non-homogeneous
surface impedance was conducted using surface sheet
impedance and Green’s function approach. The results of the
developed method were compared with those achieved by
using commercial software, and with measurements, which
showed an excellent level of agreement. The developed
approach produces considerable time savings, in comparison
to using general electromagnetic solvers.

The presented analysis can be easily modified for other
types of structures, such as spherical metasurfaces or
generalized Body-of-Revolution structures, and therefore
represents a valuable tool in the design of novel curved
metasurfaces.
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