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Abstract—In this work, we present an analysis of artificial
dielectric layers (ADLs), when a lateral shift between layers is
present. The alternate lateral displacement of the layers is an
important parameter to engineer the desired effective electro-
magnetic properties of the ADL material. More specifically, much
higher equivalent dielectric constants can be realized by alterna-
tively shifting the layers, compared to the aligned case. Closed-
form expressions are given for the equivalent layer reactance that
include the higher-order interaction between shifted layers. These
analytical formulas are of great aid to design artificial dielectric
slabs, as they provide the scattering parameters for generic
plane-wave incidence. The effective permittivity and permeability
tensors of the artificial dielectrics can then be retrieved from the
scattering parameters.

Index Terms—Artificial dielectric, scattering from grids.

I. INTRODUCTION

ARTIFICIAL dielectrics (ADs) were introduced in [1] as
a light-weight alternative to real dielectric materials, for re-
alizing microwave lenses [2]. After their introduction, ADs
have been extensively studied and used for decades for radar
development. An AD consists of a large-scale model of an
actual dielectric, obtained by embedding conducting structures
in a host material according to a regular pattern. The electric
field scattered by the metallic inclusions, when added to the
incident field, creates an effective equivalent delay [3]. At the
frequencies for which the periodicity of the pattern is much
smaller than the wavelength, the structure can be assigned
equivalent parameters that describe a homogeneous dielectric.
The effective electric parameters can be engineered by varying
the size of the metal obstacles and their spatial density. This
work relates to a specific type of anisotropic ADs, which are
realized as a cascade of planar layers made of printed metal
patches, as depicted in Fig. 1. Such structures are also referred
to as artificial dielectric layers (ADLs).

Recently, ADLs have been employed as superstrates to
improve the radiation performance of planar antennas, both
in the microwave [4] and in the terahertz [5] frequency range.
In these works, ADLs were exploited to improve the front-to-
back ratio of integrated antennas without supporting surface
waves, with a consequent enhancement of gain and efficiency.

Closed-form expressions to describe the scattering from
artificial dielectric slabs were derived in [6], [7]. These for-
mulas account for the higher-order interaction between layers,
which cannot be neglected due to the electrically small inter-
layer distance. However, while [7] only contemplates the case
of aligned layers (arranged as in Fig. 1), in this work we

Fig. 1. Artificial dielectric slab with aligned layers: (a) two-dimensional side
view; (b) three-dimensional prospective view.

Fig. 2. Artificial dielectric slab with layers alternatively shifted in both x
and y: (a) two-dimensional side view; (b) three-dimensional prospective view.

generalize the analysis to include the effects of alternate shifts,
as shown in Fig. 2. This new configuration is very relevant for
the design of ADLs, because the shift significantly increases
the effective permittivity of the slab with respect to the aligned
case. Consequently, the shift between layers represents an
additional important degree of freedom that can be used for
the design, as it greatly extends the ranges of permittivity
values that can be synthesized, given a specific fabrication
technology.

II. ANALYSIS OF SHIFTED ADLS

Let us consider an ADL medium composed by an infinite
number of layers spaced along z by distance dz and numbered
with consecutive integer indexes nz , as shown in Fig. 3(a). The
odd layers (nz = [...−3,−1, 1, 3, ...]) are shifted with respect
to the even layers (nz = [...,−2, 0, 2, ...]) by sx and sy along
x and y, respectively, as depicted in Fig. 3(b). We assume that
a plane wave is traveling in the negative-z direction within the
ADL medium, with electric and magnetic field indicated by
ei(x, y, z) and hi(x, y, z), respectively (Fig. 4). By applying
the equivalence theorem as in [7], we can define three surfaces
S1, S0 and S−1 as in Fig. 5(a) and denote with ‘1’ and ‘2’ the
two regions above and below the layer located at z = 0. The
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Fig. 3. Definition of the geometrical parameters characteristic of the shifted
ADLs: (a) cross section and (b) top view.

Fig. 4. Aperture fields on three layers of an infinite cascade of ADLs.

volume bounded by the surfaces can be filled with perfectly
electric conductor (P.E.C.), as shown in Fig. 5(b), according
to the Schelkunoff’s version of the equivalence principle [8],
so that only equivalent surface magnetic currents mnz (x, y)
are present in correspondence of the gaps between patches in
the initial problem.

The magnetic currents are related to the aperture electric
field as

mnz (x, y)|z=nzdz±ε = ∓ẑ× ei(x, y, z = nzdz ± ε) (1)

with ε being a vanishingly small distance. It is evident from
(1) that the two magnetic current distributions above and
below the layer nz = 0 are equal and opposite to satisfy the
continuity of the tangential electric field in the gap.

Fig. 5. (a) Definition of the surfaces for the equivalence principle and (b)
equivalent problem with unknown magnetic current distributions.

A. Approximation on the Magnetic Current Distribution

Due to the periodicity along z, we can impose Floquet
boundary conditions, i.e. the magnetic currents on the layers
at nz = 1 and nz = −1 are related by a phase shift:

m1(x, y) = m−1(x, y)e
jkzs2dz (2)

where kzs is an unknown equivalent wavenumber describing
the propagation along z. Since the periodic cell is a combi-
nation of two layers, we cannot relate the magnetic currents
m0 and m1 using Floquet boundary condition. However, for
the sake of simplicity of the formulation, we assume that the
magnetic currents on the two layers are approximately equal
in amplitude and differ only from a spatial displacement and
a phase term:

m1(x, y) ≈m0(x− sx, y − sy)e−jkρs·sejkzsdz (3)
m−1(x, y) ≈m0(x− sx, y − sy)e−jkρs·se−jkzsdz (4)

where kρs = kxsx̂ + kysŷ, kxs and kys are wavenumbers
describing the propagation along x and y, respectively, and
s = sxx̂ + syŷ is the vector indicating the shift. The
approximation in (3) and (4) is equivalent to implying that the
the field propagation from one layer to the next is dominated
by a lossless guided phenomenon.

B. Integral Equation and Equivalent Reactance of the Layer

Under the assumption for the magnetic currents given by
(3) and (4), and fixing sx = sy to obtain azimuth-independent
properties of the ADLs, we can generalize the method in [7] to
account for the shift between the layers. The integral equation
to be solved is derived by imposing the continuity of the total
aperture magnetic field across the gaps between regions 1
and 2. By applying the image theorem, an infinite number
of images of the magnetic currents are obtained, as described
in Fig. 6. Similarly to [7], the difference between the total
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Fig. 6. Application of the image theorem for the two regions above and
below the layer at z = 0 (ρ = xx̂+ yŷ).

fields in region 1 and region 2 can be written as

∑
nzeven

∞∫∫
−∞

4m0(ρ
′)g(ρ−ρ′, nzdz, z=0)dρ′−

∑
nzodd

∞∫∫
−∞

2(ejkzsdz + e−jkzsdz )m0(ρ
′− s)g(ρ−ρ′, nzdz,z=0)

e−jkρs·sdρ′=2hi(ρ, z = 0) (5)

where ρ = xx̂ + yŷ and ρ′ = x′x̂ + y′ŷ refer to the
observation and the source points, respectively. The function g
represents the free-space dyadic Green’s function which relates
the magnetic field to a magnetic source.

In the low-frequency limit, one can approximate the expo-
nential terms with 1 (since kzsdz � 1 and kρs ·s� 1), which
leads to

∑
nzeven

∞∫∫
−∞

4m0(ρ
′)g(ρ−ρ′, nzdz, 0)dρ′−

∑
nzodd

∞∫∫
−∞

4m0(ρ
′ − s)g(ρ− ρ′, nzdz, 0)dρ

′≈2hi(ρ, 0) . (6)

The approximated integral equation can now be solved
in the spectral domain with a procedure similar to the one
described in [7], thus omitted here. The only difference is
that the spectral summations of Floquet waves are evaluated
in closed-form separately for the two sets of even and odd
layers. The procedure yields the following expression of the
layer susceptance in the presence of the shift:

Bs∞ =
j2k0
ζ0

∑
my 6=0

|sinc(kymwx/2)|2

|kym|
·

(
− cot(kzmdz) + e−jkymsy csc(kzmdz)

)
(7)

Fig. 7. (a) Plane wave impinging on a cascade of four ADLs with alternate
shifts and (b) equivalent circuits for TE and TM components.

where kzm ≈ −j|kym| and kym ≈ (−2πmy)/dy is the
Floquet mode of index my . The analytical expression in (7)
accounts for the higher-order coupling between layers and
thus remains valid even for inter-layer distances much smaller
than the wavelength. Analogously to [6], [7], one can express
the reactance of a layer embedded in a periodic multi-layer
environment as follows:

Z∞,TM =
−j
Bs∞

, Z∞,TE =
−j

Bs∞(1− sin2 θ
2 )

. (8)

III. VALIDATION OF THE ANALYTICAL FORMULAS AND
DISCUSSION

A. Equivalent Circuit

The values of the equivalent reactance, obtained for TE and
TM incidence in (8), can be used within an equivalent circuit
that describes the propagation of a generic plane wave in the
ADL medium. The equivalent transmission lines are shown
in Fig. 7(b) for the TE and TM components. To validate the
formulas and assess the accuracy of the approximations we
show in Fig. 8 the reflection and transmission coefficients
for TE and TM plane-wave incidence (at θ = 60◦) and for
different shifts. CST simulations [9] are also reported for the
same structures and show good agreement with our method.

B. Retrieval of the Effective Parameters

From the scattering parameters calculated using the equiv-
alent circuit in Fig. 7(b), one can retrieve the effective per-
mittivity and permeability, using the formalism introduced in
[10]. Since the ADL is an anisotropic material, the equivalent
medium is characterized by permittivity and permeability
tensors

ε = ε0

εx 0 0
0 εy 0
0 0 εz

 , µ = µ0

µx 0 0
0 µy 0
0 0 µz

 . (9)

When sx = sy , because of the square symmetry of the
geometry, the condition εx = εy is satisfied and the material
is uniaxial. It is also evident that, for ADLs hosted in vacuum,
we obtain εz = 1, because the z-component of the electric
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Fig. 8. Amplitude and phase of the reflection and transmission coefficients
of a plane wave incident on a cascade of 5 layers: (a) TE, θ = 60◦, sx,y =
0.25dx,y ; (b) TM, θ = 60◦, sx,y = 0.25dx,y ; (c) TE, θ = 60◦, sx,y =
0.5dx,y ; (d) TM, θ = 60◦, sx,y = 0.5dx,y . The geometrical parameters are
dx = dy = 0.0785λ0, wx = wy = 0.01λ0, dz = 0.012λ0, with λ0 being
the wavelength at 5 GHz.

field does not interact with the horizontal patches. Strong
diamagnetic effects are also occurring in the case of TE
incidence, for which the magnetic field has a non-zero z-
component. Indeed, in this case, the patches support loop
currents that produce a magnetic field opposite to the incident
one. Therefore, the total magnetic field inside the ADL is
reduced compared to the external one (i.e., µz < 1). The other
components of the permeability tensors are µx = µy = 1. The
variation of the εx and µz as a function of the shift is reported
in Fig. 9. It can be noted that the permittivity components εx
and εy increase with the shift, because of the raised mutual
capacitance between layers. An opposite behavior is observed

Fig. 9. (a) Equivalent x- and y- components of the relative permittivity
tensor and (b) equivalent z-component of the relative permeability tensor, as
a function of the shift. The ADL is composed of 5 layers embedded in a
medium with εr,host = 1, with dx = dy = 0.0785λ0, wx = wy = 0.01λ0,
dz = 0.012λ0, with λ0 being the wavelength at the calculation frequency.

for the permeability component µz , which decreases as a
function of the shift.

IV. CONCLUSIONS

We derived closed-form formulas for the analysis of artifi-
cial dielectric layers (ADLs). The expressions of the equivalent
reactance of each layer include the effect of an arbitrary shift
between odd and even layers. The higher-order interaction
between layers is rigorously accounted for in analytical form.
The reactances can be embedded in an equivalent circuit
that provides the scattering parameters for generic plane-
wave incidence and for an arbitrary number of layers. The
results given by our method were validated with simulations
performed with commercial electromagnetic solvers. From the
scattering parameters, the permittivity and permeability tensors
can also be derived.
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