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Abstract—Cross-polarized MIMO systems are an attractive
way to reduce equipment size while maintaining low inter-
antenna correlation. The amount of leakage from one polariza-
tion to another is usually represented by the cross-polarization
discrimination (XPD), making it a fundamental parameter of
cross-polarized antenna systems. Starting from the definition of
Rayleigh and Rice fading channels, we show that the small-scale
variations of the XPD follow an F-distribution and a doubly non-
central F-distribution respectively in Rayleigh and Ricean fading
channels. This distribution is compared with the log-normal
distribution that is usually reported in literature for the variations
of the XPD. Consequences of this distribution are investigated,
and it is shown that the variations of the XPD and the Ricean
K-factors are linked by a non-trivial relationship. Measurements
have been carried out in an indoor environment at 3.6 GHz to
validate the theoretical F-model. The theoretical model and the
experimental data are compared visually, by means of the mean
square error and by means of the Kolmogorov-Smirnov test. The
theoretical F-model shows excellent agreement with the measured
XPD variations.

Index Terms—MIMO, polarization, XPD, channel modeling.

I. INTRODUCTION

Multiple-Input Multiple-Output (MIMO) antenna systems
have been known for a number of years as a solution for
exploiting the spatial diversity and increasing data rates
[1]. One major issue of MIMO systems is the need for
large inter-antenna spacing to obtain sufficiently low inter-
antenna correlation. Cross-polarized MIMO systems are being
considered as a solution to design compact antenna systems.
By using orthogonally polarized, co-located antennas, low
inter-antenna correlation is obtained while maintaining
equipment size low [2–7].

In polarized MIMO systems, a linearly polarized wave will
leak into the orthogonal polarization due to three mechanisms.
The first depolarizing mechanism is due to antenna effects.
Although antennas are usually designed to transmit or receive
on a given polarization, the are also sensitive to the orthogonal
polarization. This sensitivity is represented by the co- and
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cross-polar antenna pattern [8]. The second mechanism
is antenna array tilting [9]. When changing the receiver
orientation and keeping the transmitter orientation fixed, a
polarization mismatch will occur and change the crosstalk
between the different polarizations. The third mechanism
is channel depolarization, that occurs due to interactions of
the electromagnetic wave with its surroundings, changing
the polarization of the waves. The channel depolarization is
usually represented by the cross-polar discrimination (XPD),
that is defined as the power ratio between the different
elements of the MIMO channel matrix. In this paper, only
this third mechanism will be investigated.

Previous measurements have argued that the XPD has a
log-normal distribution, but no physical explanation has been
given yet for this behaviour [10–12]. The aim of this paper is
to investigate small-scale variations of the XPD, by starting
from the definition of Rayleigh and Rice fading channels.
Measurements have been done in an indoor environment at
3.5 GHz to compare the obtained theoretical model with
experimental results by mean of various comparison metrics.
The paper is organized as follows: sections II-A and II-B
show the derivation of the model for Rayleigh and Rice fading
channels respectively. Section II-C highlights the implications
of the obtained model. Finally section III compares the model
with experimental results.

II. DERIVATION OF THE XPD MODEL

A. Rayleigh fading

Without loss of generality, a 1 × 2 system with a vertical
transmitter and a dual-polarized vertical-horizontal receiver
will be considered. In that case, the channel matrix is given
by

H =
[
hV V

hHV

]
(1)

In the case of Rayleigh fading, the amplitude distribution is
given by:

|hV V | ∼ Rayl (σ) (2)

|hHV | ∼ Rayl (ασ) (3)
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where σ and ασ are the Rayleigh parameters of the V V
link and the HV link respectively (in this notation V stands
for the vertical polarization, H stands for the horizontal
polarization, and XY means that transmitter has polarization
Y and receiver has polarization X). Usually, the cross-polar
component is smaller than the co-polar component (|hHV |
is smaller than |hV V |). The parameter α represents which
fraction of the power of the transmit polarization is transferred
to the perpendicular polarization, and is comprised between 0
and 1. The scattering process (which can be rough-surface
scattering, diffraction, etc.) introduces a random phase shift
between the different polarization components, so that both
elements of H are independent. If a random variable has a
Rayleigh distribution with parameter σ = 1, the square of
this random variable has a chi-square distribution χ2 with 2
degrees of freedom [13]. Therefore it can be written that:

|hV V |2

σ2
∼ χ2

2 (4)

|hHV |2

α2σ2
∼ χ2

2 (5)

The XPD is defined as the power ratio of the different elements
of the channel matrix:

XPD = |hV V |2/|hHV |2 (6)

The ratio of two independent chi-square distributed random
variables has an F-distribution with the corresponding degrees
of freedom [14]. The distribution of the XPD is then given
by:

α2XPDlin ∼ F (2, 2) (7)

where ”‘lin”’ stands for the linear scale.

B. Ricean fading

In the case of Ricean fading channels, the distribution of
the amplitudes of hV V and hHV are given by:

|hV V | ∼ Rice(σ, ν) (8)

|hHV | ∼ Rice(ασ, α0ν) (9)

where σ and ν are the Rice parameters of the V V link (i.e.
2σ2 is the power of the scattered component and ν is the
amplitude of the coherent contribution), and ασ and α0ν
are the Ricean parameters of the HV link. Similarly to the
Rayleigh case, due to the scattering process both elements
of H are independent. The square of a Rice distributed
random variable with parameters (1, ν) is a non-central chi-
square distributed variable with 2 degrees of freedom and non-
centrality parameter ν. Therefore we can write:

|hV V |2

σ2
∼ χ′22 (

ν2

σ2
) (10)

|hHV |2

α2σ2
∼ χ′22 (

α2
0ν

2

α2σ2
) (11)

If X1 ∼ χ′2ω1
(λ1), X2 ∼ χ′2ω2

(λ2) and X1 and X2 are
independent, the random variable Y = X1/ω1

X2/ω2
has a doubly

non-central F-distribution F ′′ with degrees of freedom ω1 and
ω2 and non-centrality parameters λ1 and λ2 [14]. Therefore,
an exact expression exists for the distribution of the XPD (in
linear scale):

α2XPDlin ∼ F ′′(2, 2, 2KV V , 2KHV ) (12)

where KV V = ν2/2σ2 and KHV = α2
0ν

2/2α2σ2 are the
Ricean K-factors for the V V and the HV links respectively.
Note that (7) is a particular case of (12): if both K-factors are
equal to zeros, the doubly-non central F-distribution simplifies
to a central F-distribution.

C. Consequences of the F-distributed XPD

Interestingly, it is possible to approximate the doubly non-
central F-distribution with degrees of freedom (2,2) by a log-
normal distribution (see Figure 1). This is most probably why
most results in literature report log-normal distributions for
the small-scale variations of the XPD. The standard deviation
of the corresponding normal distribution (i.e. when the XPD
is expressed in dB) ranges from 0 to 7.8 dB, depending on
the value of the non-centrality parameters of the doubly non-
central F-distribution, i.e. on the Ricean K-factors.
In the case of Rayleigh fading, it can be seen in (7) that

Fig. 1. CDF of F-model and log-normal fitting.

there is no parameter for the F-distribution. In that case,
the distribution of the XPD is fixed around its mean value
10 log10(α2) and has a standard deviation of 7.8 dB, as can
be seen in Figure 1.
Another particular case is the case where KHV is equal to zero
(e.g. in the case of a direct Line-of-Sight with a vertically
polarized direct wave). In that case, the doubly non-central
distribution simplifies to a singly non-central distribution with
degrees of freedom (2, 2) and non-centrality parameter 2KV V :

α2XPDlin ∼ F ′(2, 2, 2KV V ) (13)

Finally, it is interesting to notice that equation (12) illustrates
the relationship of the small-scale variations of the XPD with
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the Ricean K-factors. Since this relation is non-trivial, equation
(12) can be used as a validation tool to validate channel models
that include polarization effects.

III. COMPARISON WITH MEASUREMENTS

A. Measurement Setup

Measurements were carried out in an indoor environment
to validate the XPD model. A vertical log-periodic antenna
was used at the transmitter, and a tri-pole antenna (made of 3
perpendicular monopole antennas) was used at the receiver,
of which two antennas were selected to create a vertical-
horizontal dual-polarized array. A Rhode&Schwarz ZVA-24
four-port vectorial network analyzer (VNA) was used to
measure the channel frequency response on all three receive
antennas simultaneously. The carrier frequency was 3.6 GHz
with a bandwidth of 200 MHz. The parameters of the VNA
are given in Table I. The environment was composed of a main
room with surrounding smaller offices, as shown in figure 2.

Center frequency 3.6 GHz
Measured Bandwidth 200 MHz

Frequency step 2 MHz
Dynamic Range > 30 dB

Number of snapshots 5

TABLE I
VNA PARAMETER SETTINGS.

Fig. 2. Floor plan of the measurements.

The transmitter was placed in the corridor leading to the
main room, and 22 measurement locations were considered in
the main room and in the offices. At each location, a 200-point
measurement grid was measured. These 200 points were used
to determine the Ricean parameters of the V V -link and the

HV -link with a maximum likelihood estimator (MLE). The
parameter α is determined with the following straightforward
relationship:

α = σHV /σV V (14)

where σHV and σV V are the Ricean σ-parameters of the HV
and the V V link respectively.

B. Measurement Results

The measured channel components (|hV V | and |hHV |) show
Ricean fading for both channel components. An overview of
the different values of the K-factors are given in Table II.

Min(KV V ) -43.24 dB Min(KHV ) -31.07 dB
Max(KV V ) 5.82 dB Max(KHV ) 7.78 dB
Mean(KV V ) 1.06 dB Mean(KHV ) 0.89 dB

TABLE II
MEASURED K-FACTORS.

The theoretical XPD variations are obtained by filling in
α, KV V and KHV in equation (12). Examples of comparison
between experimental data and theoretical model are given in
Figures 3 and 4. Note that for visual convenience, the XPD
is given in dB value. It can be seen that good agreement
is obtained between the experimental cumulative distribution
function (CDF) and the doubly non-central F-distribution.

Fig. 3. Cumulative distribution functions of experimental data and F-
distribution. (KV V = −43.2 dB, KHV = −28.8 dB, α = 0.56)

The mean square error (MSE) between the experimental CDF
and the doubly non-central CDF has been computed for all
22 measurement locations. Table III provides an overview
of the results, and confirms the good agreement between
experimental results and our theoretical model for all mea-
surement locations. Finally, to confirm the good agreement
between the experimental data and the theoretical model, a
Kolmogorov-Smirnov test (KS-test) has been carried out for
each measurement location. The KS-test compares the experi-
mental cumulative distribution with the theoretical cumulative
distribution function, and is sensitive to both the shape and the
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Fig. 4. Cumulative distribution functions of experimental data and F-
distribution. (KV V = 4.7 dB, KHV = 4.7 dB, α = 0.61)

Min(MSE) Max(MSE) Mean(MSE)
0.091e− 3 6.1e− 3 0.98e− 3

TABLE III
MSE BETWEEN MEASUREMENTS AND MODEL

location of the experimental CDF. The null hypothesis H0 for
the KS-test is that the experimental data and the theoretical
model have the same distribution. The alternate hypothesis
H1 is that they do not have the same distribution. In this case,
the significance level is set to 5%. The occurrences of H0

and H1 are given in Table IV. The KS-test also enables to
compare the experimental data with a log-normal distribution.
The results of Table IV show that the the theoretical F-model
(12) performs slightly better than when fitting the data with a
log-normal distribution.

F-model (12) Log-normal distribution
Number of occurrences of H0 21 20
Number of occurrences of H1 1 2

TABLE IV
RESULTS OF KS-TEST FOR THE 22 MEASUREMENT LOCATIONS.

IV. CONCLUSION

In this paper, it is shown that the small-scale variations of
the XPD follow an F-distribution and a doubly non-central
F-distributions for Rayleigh and Ricean fading channels re-
spectively. These distributions can be approximated by a
log-normal distribution that is traditionally used to describe
the XPD variations. The new distribution shows that in the
Rayleigh case, the standard variations of the XPD around
their mean are fixed and have a value of 7.8 dB. In the
Ricean case, the doubly non-central F-distribution provides
a direct relationship between Ricean K-factors and XPD
variations. Comparison with measurements is given and good

agreement is obtained between the derived model and indoor
measurements at 3.6 GHz.
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